Abstract. -We theoretically investigate the free dispersion, scattering and disintegration of an N -particle quantum soliton by Bragg light pulses, comparing the exact quantum result with its quasiclassical (mean-field) limit. Remarkably, we find that the correlation properties of a quantum soliton approach the (mean-field) limit very rapidly as the particle number N grows. A modest discrepancy between the classical and quantum results is observed for N = 3.
Thus far, most of the work related to solitons has dealt with their nonlinear wave properties [1] , along with quantum noise (squeezing) corrections to their mean-amplitude ("meanfield") dynamics [2] . Second quantized solitons whose mean-field description breaks down have been studied to a much lesser extent, notwithstanding notable recent achievements [3, 4] . Perhaps the most powerful tool of the theory of quantum solitons is the Bethe ansatz solution [5] , providing an exact quantum-mechanical solution for a one-dimensional (1D) quantum system of pairwise interacting N particles [6] . This solution has been extended to a two-band periodic nonlinear structure [7] .
Intuitively, it is clear that for N 1 the intrinsic correlation properties of a quantum soliton will approach the quasiclassical (mean-field) limit. Conversely, one may expect that for a relatively low N a quatum soliton still exhibits genuinely quantum properties. The quest for such properties may be regarded as a part of a broader effort to understand multipartite correlations in complex quantum systems, particularly trapped BECs [8] [9] [10] [11] . In the present letter we demonstrate that, surprisingly, the correlation properties of a quantum soliton consisting of more than 3 particles are hardly distinguishable from the properties of its quasiclassical counterpart.
The Hamiltonian under consideration describes N atoms coupled by attractive contact interactions, propagating along the x-axis and scattered by an external x-dependent potential. Such a system is realizable [8] [9] [10] [11] [12] [13] [14] when ultracold bosonic atoms are confined in the transverse (y, z)-plane, so as to render their motion effectively one-dimensional (1D). The Hamiltonian then reads
Here κ is the inverse size of a two-atom bound state, henceforth dubbed "dimer". We assume attractive interactions with κ > 0. When the transverse (y, z) confinement is not too tight, i.e. its radius w r is larger than the absolute value of the scattering length |a|, then the general expression for κ [14] reduces to κ = |a|/w 2 r . Here we do not consider excitation of the transverse degrees of freedom, i.e. oscillations of the atoms in the (y, z)-plane in the radial confining potential. Such a breakdown of a purely 1D model leads to effects such as damping of the center-of-mass motion of a soliton [13] . We, however, focus on the intrinsic properties of a 1D quantum soliton.
The general eigenfunction of the Hamiltonian (1) is given by the Bethe ansatz [6] :
The sum is here taken over all the permutations P of {x 1 , . . . , x N } and A is the normalization factor. If we set k j = K − iQ j , where
This bound state is the ground state of the relative motion of the atoms. The center-of-mass motion in eq. (3) is described by a plane wave, hence this state is correlated but delocalized. A localized N -atom wave packet is a superposition of the states |ψ b (N, K) with a suitable choice (e.g., Gaussian) of probability amplitudes for different K's [2] .
The fact that the eqs. 
Repulsive interactions (κ < 0) admit only continuum states of the relative motion, whereas attractive interactions with κ > 0 considered here admit also bound multiatom states [3, 6] .
A possible manifestation of the quantum nature of a soliton may be the dispersion of its center-of-mass free 1D motion as opposed to the invariance of the interparticle distances [2] . When the effects of dispersion are negligible, a quantum soliton consisting of atoms with attractive interactions becomes a classical (mean-field) bright soliton. Note that the superselection rule prohibiting quantum superposition of states with different N 's holds for atomic ensembles [15] and is supposed to be true even for laser-emitted photons [16] . Hence, a quantum soliton propagates as a single quantum entity of the mass Nm. In fig. 1 we show its broadening δX, namely, the r.m.s. deviation of the center-of-mass of a quantum soliton from the quasiclassical (dispersionless) trajectory, vs. the propagation time t. The center-of-mass coordinate uncertainty can be estimated as δX ∼ ht/(Nm). Suppose the quantum soliton consists of N ∼ 10 atoms, m ∼ 10 −22 g and t ∼ 10 −3 s. Then δX ∼ 10 −5 cm. Such a length scale is of the order of the radial trapping size w r for an experimentally attainable radial confinement (by an optical potential) characterized by the fundamental frequency of about 10 kHz [17] . If the absolute value of the 3D atomic scattering length exceeds w r (by means of Feshbach resonance), the effective 1D contact interaction is attractive and κ ∼ w −1 r [14, 17] . In other words, for such a choice of parameters δX reaches the dimer size κ −1 at relatively short propagation times (see fig. 1 ). This uncertainty of the quantum soliton position is quite appreciable, since it is much larger than (Nκ) −1 , which is the typical deviation of the coordinate of an individual atom from the center-of-mass coordinate. Further increase of κ (beyond w −1 r ) is impossible, since in this case the 1D approximation breaks down. Our quest for more conspicuous signatures of a 1D quantum soliton leads us to consider its scattering by an external potential U (x). Such scattering may either leave the soliton intact or decouple atoms from the bound state. Setting k j = K − iQ j , where
atoms in the bound state and one atom decoupled from the bound core (asymptotically free).
Suppose that the potential is an optically-induced Bragg grating [18] imparting a momentumhq (along the x-axis) and an energyhω to the N -atom bound state. Lengthy calculations give an expression for the matrix element of the N -atom operator of the momentum shift, whose general form is
M (q, k) and Φ(q, k) being the normalized modulus and the phase, respectively, of the matrix element and L being the quantization length. Momentum and energy conservation yields
Here ∆ε(N ) is the difference of the binding energies of the (N − 1)-and N -atom bound states. Thus, given ω, q, and the Rabi frequency Ω R of the Bragg excitation, we can find, from the Fermi Golden Rule, the spectrum of the excitation rate Γ B leading to the decoupling of a single atom from an N -atom quantum soliton:
We find that
where
In fig. 2 we show the squared modulus of the matrix element M 2 (q, k) calculated from eq. (8) . The dashed line shows the squared quasiclassical matrix elements
where ψ 0 (x) = Nκ/2 cosh −1 Nκx is the well-known mean-field solution [1, 3] of the nonlinear Schrödinger equation (with attraction), normalized to 1, and is the quasiclassical wave function of a decoupled atom in the field of N -particle quantum soliton with the asymptotics exp[ikx] for x → −∞ (here we neglect terms of the order of N −1 ). The small peak at the values of k directed opposite to q for N = 3, which is not reproduced by the quasiclassical approximation, represents an atomic dimer that carries away most of the transferred momentumhq, while the remaining (free) atom travels more slowly, in contrast to the more probable situation (the main peak at k ≈ q) where the decoupled atom carries away nearly all the transferred momentum. The width of the main peak scales as Nκ for N ≥ 3. It is noteworthy that the quasiclassical approximation works well for large momentum transfer |q| > ∼ Nκ, even for small N (N ≥ 3). In the opposite case of small transferred momentum, |q| < ∼ Nκ, the matrix element can be fit by the expression
. This fitting is satisfactory for N = 3 and excellent for N > 3 (see insets in fig. 2 ).
To compare further the quantum and quasiclassical results, we calculate the two-particle correlation function G(p 1 − p 2 ) in momentum space for N = 3. We assume the following normalization: ∞ −∞ dp G(p) = 1. We obtain the following exact quantum result for the bound state |ψ b (N, K) with N = 3:
The quasiclassical expression, calculated from the atomic wave function j φ 0 (x j ), yields for N = 3
As one can see from fig. 3 , the agreement between eqs. (13) and (14) is unexpectedly good even for N = 3. In other words, the meanfield approach predicts the atomic correlation properties of quantum solitons quite precisely. The difference between the quantum and quasiclassical results is mainly in the asymptotics for large |p 1 − p 2 |: eq. (13) decreases as (p 1 − p 2 ) −4 , whereas eq. (14) decreases exponentially. The power law decrease of these distinctly quantum (non-mean-field) "tails" is due to nonanalyticity of the wave function |ψ b (N, K) at x 1 = x 2 , where its derivative is discontinuous. However, it is challenging to measure the "tail" of the correlation function experimentally.
By contrast, for the final state of two bound atoms and one atom decoupled, |ψ d (N −  1, 1, K , k) , for N = 3, the correlation functions (also displayed in fig. 3 ) are calculated to be
where a 1 = 1, a 2 = a 3 = 2, ζ 1 =p/2, ζ 2 =p +k, ζ 3 =p −k,k = k/(2κ), as opposed to its quasiclassical counterpart:
As seen from fig. 3 , the two correlation functions (15) and (16) are quite close to each other. The sidebands calculated by the quasiclassical eq. (16) for N = 3 are lower by the factor π/2 than their quantum counterparts (the peak areas are the same in both the cases). However, such a difference may be easily masked by various broadening mechanisms that are present in a real experiment. The difference between the quasiclassical and quantum correlation functions is found to be practically negligible for N > 3. The flux of outcoupled atoms will be proportional to the product of the number of N -atomic quantum solitons in the system and |M (q, k)| 2 with k determined from energy conservation. The system containing many bound complexes of atoms can be created in a bunch of 1D waveguides formed in a 2D optical lattice [17] . One may apply an additional optical lattice along the waveguide axis, so that few atoms are trapped in each potential minimum. Sudden switching-off of this additional lattice will project these trapped states on the states of free motion. By proper choice of the lattice parameters one may attain significant probability of creation multiatom bound states, which then will be subject to Bragg spectroscopic studies.
The momentum correlation functions can be measured experimentally using the technique developed to study the Mott insulator phase of rubidium atoms in an optical lattice [19] . For quantum solitons, time-of-flight measurements after releasing atoms from a trap will reflect the underlying spatial correlations in the multiatom bound state. Bragg spectroscopy [18] will directly yield the value of matrix elements M (q, k), since both the transferred energy and momentum are controllable experimental parameters in this case.
It is reasonable to assume that approximately 4000 individual waveguides formed by a 2D optical lattice are filled with N tot ∼ 10 5 atoms, with the characteristic length of the atomic sample in the x-direction ≈ 50 µm. We assume that the sample is prepared in such a way that bound states with N > 3 are practically absent. Initially the atomic velocities are small compared to the final ones, e.g. q = 10 κ. To ensure such transferred momentum detection by Bragg spectroscopy, we take κ ≈ 10 4 cm −1 . To distinguish by time-of-flight measurement atoms outcoupled from atomic bound states with N = 3 and N = 2 the Bragg pulse duration T p has to be longer than the typical time scale m/(hκ 2 ), which means, for m ∼ 10 −22 g, T p 1 ms. Let us choose the two-photon Bragg detuning such that we are at resonance with outcoupling an atom at k = 2.5 q from a 3-atom bound state. Energy and momentum conservation results in the velocities of the outcoupled atom and the remaining dimer equal to 5hκ/m and 1.25hκ/m, respectively. The resonant condition is not fulfilled for single atoms and dimers, so that they are not affected by the Bragg pulse. After free propagation during the time-of-flight interval T f = 50 ms, part of the sample that remains intact, the outcoupled atoms and the newly produced (recoiled) dimers become spatially resolved. Each fast outcoupled atom is correlated with a respective recoiled dimer. If 30% of all the atoms are bound into trimers, and almost all the trimers are dissociated by the Bragg pulse, the signal consists of ∼ 10 4 atoms, a detectable number [18] . To conclude, we have studied the free propagation of a 1D N -atom quantum soliton and its response to Bragg excitations. We find an unexpected degree of quasiclassicality of quantum solitons with particle numbers as small as N = 3 in terms of Bragg excitation probabilities and momentum correlation functions. Such a property is surprising because 1D systems usually exhibit prominent quantum correlations and fluctuations. The free propagation broadening remains significant for N < 10.
